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Abstract 

We develop the perturbation theory for TZ"^ string-corrected black hole so- 
^ . lutions in d dimensions. After having obtained the master equation and 

the a'-corrected potential under tensorial perturbations of the metric, we 
I study the stability of the Callan, Myers and Perry solution under these 

^ ' perturbations. 
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String theory low energy effective actions have three different types of contributions, 
with different origins. The classical terms come from the expansion in a' (world-sheet 
loops). The quantum terms depend on the string coupling constant Qs = e'^; they can 
be perturbative (coming from space-time loops) and non-perturbative. In this work 
we consider only the classical a' corrections, neglecting any kind of string quantum 
correction. Both the bosonic and the heterotic string theories have corrections already 
at the first order in a', which are at most quadratic in the Riemann tensor. In these 
corrections we neglect the Ricci terms, which would only contribute in a higher order 
in a'; we are only considering an effective action which is perturbative in a'. All 
these theories also have antisymmetric tensors in their massless spectra, which can 
always be consistently set to zero. That will be the case in the a'-corrected black 
hole solution we use in this work. Although these theories lie respectively in 26 or 10 
space-time dimensions, we will consider in this article black hole space-times in generic 
d-dimensions. This way we take, as our effective action in the Einstein frame [1], 



1 
2^ 



R - ^ (5» d,cl> + e^at>^R^^^P-R^^^^ 



d'^x -\- fermion terms, (1) 



with A = Y, ^, for bosonic, heterotic and superstrings, respectively. 

The corrected bosonic equations of motion for the dilaton and the graviton are, to 
this order, 

V20-^e^^(i?^^,^i?P-^-) = 0, (2) 

R^.u + Ae^*^ [R^^parRr^ - ^-^ g^.uRpaXrR'"^^'^ = 0. (3) 

We are interested in studying the behaviour of a string-corrected black hole solution 
under perturbations. We will be studying these perturbations in generic d spacetime 
dimensions [2], taking as background metric 

ds^^ -f{r) de + r\r) dr' + rU^U (4) 

with dVL\_2 = '^ij [0) dO^ d6\ 'jij = gij/r"^ being the metric of a (rf — 2)-sphere S'^^'^. 

One can in general consider perturbations to the metric and any other physical field 
of the system under consideration. General tensors of rank at most 2 on the [d — 2)- 
sphere can be uniquely decomposed in their scalar, vectorial and (for d > 4) tensorial 
components. In this work we only consider tensorial (in S'^~'^) perturbations to the 
metric, given by h^i, = Sg^i, (as we will show, we can consistently set the tensorial 
perturbation to the dilaton to 0). These perturbations are worked out in [3], where it 
is shown that they can be written as 

hij = 2r^ {y") Ht {y") %j [o') , h^r = hu = 0, Kr = htr = /i« = (5) 

with Tij satisfying 

{-f'^DkDi + kr) %j = 0, D'%j = 0, g''%j = 0. (6) 
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Di is the 5"^ ^ covariant derivative; Tlj are the eigentensors of the S"^ ^ laplacian; 
on the same reference [3], it is also shown that the eigenvalues are given by —kr — 
2-l{l + d-3),l = 2,3,4:... 

We actually need the variation of the components of the Riemann tensor. Using 
the components of h/^i, given in (5) and the Palatini equation, one gets 

^Rijki = [(2/ — 1) Ht + fdrHx] {guTjk — gikTji — gjiTik + g-jhTu) 
+ t'^Ht {DiDiTjk - DiDkTji - DjDi%k + DjDkTu) 



SRitjt 



-r^d^Hr + -ffr^drHr + ffrHr 



T 



f 



-\r^^-drHT - 2rdrHT - r'^dlHT 



T 



(7) 
(8) 

(9) 

0. (10) 

Using the explicit form of the Riemann tensor and the variations (5) and (7-10), one 
can perturb the field equations (2) and (3). From (2), we are able to show that we 
can consistently set the dilaton perturbation 50 = 0. By perturbing (3) we are able to 
determine the equation for ify, which is given by 
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{2-d)^--ff + \ (4(4 - d)4 (1 - /) + 4^/' + 



drHr 
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4A 



Jf 



f 



/CT^ 1 + ^ (1 - /) - 2^ + 2(rf - 2)^ - 2{d - 3)^ 



+ A 



/ f2 + 2d 



4(d-i; 



/ 



//\2 



2{d-3) 



P if") 



d-2 



Ht = 0. 



We now write the equation above in the form of a master equation 

92$ g2^ 



drl 



(11) 



(12) 



For that, first we write the perturbation equation in terms of the tortoise coordinate 
r*, defined by dr*/dr = 1//. As carefully explained in [5], following the procedure 
introduced in [4] we derive our master function and potential: 

f + ^ + ^(^ - 4)A(1 - /) - ^A/' - AA/'2 



2 - ^Xf 



1 



+ 



Vi-2A£ 

1 



(A;t + 2) 4 + 2(rf - 3) 



1 + 



4A 



dr 
2Xf" - 1 



2r2 



/(I-/) d-Sff 



A 



d-2 



fif 



+ 4A(A;t + 2) ^^^^^ +2(d-3)A -^^^^/^' +2((i-4)A -^^^ J^^' 
ff P 



(13) 



This is the potential for tensor perturbations of any kind of 7?^-corrected black 
holes in d dimensions, in terms of which the perturbation equation (11) is written as a 
"master equation" like (12). 

To study the stability of a solution, we use the "S-deformation approach" first 
introduced in [3] and developed in [4]. After having obtained the potential Vt(/), we 
assume that its solutions are of the form $(r^, t) = e*'^*0(r^,), such that d^/dt = iu^. 
The master equation is then written in the Schrodinger form = cj^$, and a solution 
to the field equation is then stable if the operator A is positive definite with respect to 
the following inner product: 



(0, A<P) = J 
Defining D — -j- - 



with 
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+ 00 
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+ V\(t>\ 
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4>{r^) dr^ = 

IMtA. (^^^ and after some algebraic tricks [5], we are left with 



$ dr 



+ 00 



/ |L>0|^ dn + 
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101 dn, 



1 - 2X^ r2 



(^^ + 2) fl + ^(l-/)U(2d-6)(l-/) fl + ^(l-/)' 



- 2r/'- 



A 



d-2 



iff 



(14) 



All that is necessary to guarantee the stability is to check the positivity of j. 

We considered the i^^-corrected black hole solution of the type of (4) studied in 
[1]. Its only free parameter is /x, which is related to the classical ADM black hole mass 
through rrici = -^^^-^^^^A*, A^ being the area of the unit n— sphere. 

For the classical Schwarzschild-Myers-Perry solution, we have /(r) — 1 — ;^J#3. In 
order to introduce the a'-corrections to this solution, we choose a coordinate system 
in which the position of the horizon, given by r = (2//)^ =: th, is not changed. 
According to [1] /(r) is given, in this coordinate system, by 




A 



(l-V 

n 



{d-3){(l- i)rff^r'^-^ - I 

2 ^d-l _ j.d-^ 



(15) 



This solution has as free parameters the inverse string slope A, the black hole mass 
parameter ji (or, equivalently, the horizon radius Th) and the spacetime dimension 
d. Since A is a perturbative parameter, we should take it small (say A <^ 1), for the 
potential to make sense. For small values of A, for each value of d between 5 and 10, 
and for a wide range of values of /x, we have studied numerically and made plots of j 
as it is given by (14), and we always found positive values. From this numerical study 
we conclude that this solution is stable under tensor perturbations for every relevant 
spacetime dimension, for every value of the black hole mass. 

Given the potential for the metric tensorial perturbations, we have also obtained 
an analytical proof of the stability and computed the absorption cross section of the 
black hole given by (15). For more details see [5]. 
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